For polynomials f on the complex plane with a dendrite Julia set we study invariant probability measures, obtained from a reference measure. To do this we follow Keller [K1] in constructing canonical Markov extensions. We discuss 'liftability' of measures (both finvariant and non-invariant) to the Markov extension, showing that invariant measures are liftable if and only if they have a positive Lyapunov exponent. We also show that δ-conformal measure is liftable if and only if the set of points with positive Lyapunov exponent has positive measure.
Introduction
Ergodic properties for polynomial or rational maps have been looked at for various measures and various types of Julia sets. One can consider the measures of maximal entropy, e.g. [FLM, Z] , or more generally, equilibrium states of certain Hölder potentials, see for example [Ly, DPU, Ha] . This approach is particularly natural when the map is hyperbolic and the potential is −t log |Df |, where t is the Hausdorff dimension of the Julia set: then the equilibrium state is equivalent to conformal measure (as obtained by Sullivan, see [S] ). When the Julia set is parabolic, invariant measures equivalent to conformal measure are found in [DU, U1, U2] . In the case where there are recurrent critical points in the Julia set, the papers [GS, Pr, Re] focus on invariant probability measures that are absolutely continuous with respect to conformal measures, using assumptions on the derivatives on the critical orbits. See [PU, U3] for surveys. The theory has not yet developed to the same extent as, for example, interval maps, where the availability of induced maps and tower constructions (cf. Young [Y1, Y2] ) allowed the investigation of several stochastic properties, including the rate of mixing and Central Limit Theorem [Y2, BLS] , return time statistics and related properties [BSTV, BV, C] and Invariance Principles, see e.g. [MN] . However, during the preparation of this paper, we learned that some good results in 2000 Mathematics Subject Classification. Primary: 37D25; Secondary 37F10, 37F35, 37C40.
This research was supported by EPSRC grant GR/S91147/01. this direction have been proved for rational maps satisfying the 'Topological Collet-Eckmann' condition in [PrR-L] .
In the 1980s, Hofbauer and Keller constructed so-called canonical Markov extensions for piecewise monotone maps of the interval [Ho, HK, K1] , which they used to study the topological and measure theoretical behaviour of these maps. These Markov extensions were considered in an abstract setting in [K1, Bu] , where one of the aims was to extend the theory to higher dimensions. Indeed in [Bu] some higher dimensional examples are given. That paper focuses on the probability measures given by the symbolic dynamics obtained from the tower structure, an approach also used in [N, BuS] .
In [BuK] results on transfer operators are proved in this higher dimensional setting and in [BuPS] conformal measures are found.
Our approach follows the papers of Keller, [K1, K2] . In the first of these papers, results are proved about the liftability of probability measures on the original system to the associated Markov extension. In particular, the liftability of ergodic invariant measures with positive entropy is shown. While the abstract theory given there applies, in principal, in any dimension, the applications given are to interval maps. In the second paper it is shown that, given a smooth interval map, positive pointwise Lyapunov exponents implies the liftability of Lebesgue measure. The purpose of this paper is to extend those results to maps on the complex plane. We construct Markov extensions (Ĵ ,f ) for complex polynomials f and study the liftability properties of probability measures supported on the Julia set J . (This allows us to deal with some cases where critical points lie in J .) Given a probability measure µ on J , we construct a sequence of Cesaro means {μ n } n onĴ , and we say that µ is liftable to the Markov extension if this sequence has a non-zero vague limit measureμ. The limit measureμ isf -invariant, even if the measure µ is not f -invariant. This technique is particularly useful for finding invariant probability measures that are absolutely continuous with respect to δ-conformal measure on the Julia set.
Among other things, we prove that an ergodic invariant probability measure µ is liftable if and only if its Lyapunov exponent is positive (cf. [BK] ). Furthermore, for liftable measures, typical points are conical (i.e. go to large scale, see Lemma 9) with positive frequency. Similar results hold for (non-invariant) δ-conformal measure µ δ . (The measure µ δ is δ-conformal on J if µ δ (J ) = 1 and µ(f (A)) = A |Df | δ dµ δ for all measurable sets A such that f : A → f (A) is 1-to-1.) We prove the pointwise lower Lyapunov exponent λ(z) is strictly greater than 0 for a set of positive µ δ -measure if and only if µ δ is liftable, and in this case there is an f -invariant probability measure equivalent to µ δ . We note that this result applies to polynomials considered in [GS, Pr, Re] , when the Julia sets of these polynomials are dendrites, see below.
When proving our results on the relation between liftability and positive Lyapunov exponents, we use the Koebe Lemma: a one-dimensional tool. Work in progress aims at extending these results to higher dimensions. Our result on finding invariant probability measure absolutely continuous with respect to δ-conformal measure again uses the Koebe Lemma and seems a more difficult type of result to generalise.
Markov extensions (popularly called Hofbauer towers) are less well known than the Young towers, [Y1, Y2] . We wish to highlight the difference between these two constructions. In short, for the Young tower case, given an invariant measure µ and a subset Y of the phase space, a partition
is 1-to-1 and has good distortion and expansion properties. These are then used to study stochastic limit properties (e.g. mixing rates, the Central Limit Theorem, invariance principles) of specific invariant measures. The construction is therefore linked to the choice of the measure, and may be quite involved in practical applications. The construction of the Hofbauer tower, on the other hand, is combinatorial and can be used to study all probability measures. In fact, it is exactly for the liftable invariant probability measures that Young towers can be constructed, in a canonical way, as first return maps to appropriate sets in the Markov extension, see [Br] .
The structure of this paper is as follows. The construction of the canonical Markov extension occupies Section 2. We restrict our attention to polynomials f with locally connected full Julia sets (dendrites), as we need to find a finite partition P 1 of the Julia set J such that f is univalent on each partition element. Such partitions may exist for the Julia set of many other rational maps as well, but is hard to give for rational maps in all generality. In Section 3 we describe the lifting procedure of measures. As remarked there, in contrast to subsequent sections, Section 3 is largely independent of the geometry of J , and can be easily extended to Markov extensions in other settings. In Section 4 we introduce inducing constructions as a tool to prove that for liftable measures, typical points will 'go to large scale' with positive frequency. Section 5 focuses on (ergodic) invariant probability measures µ and their Lyapunov exponents λ(µ). It is shown that µ is liftable if and only if λ(µ) > 0. Section 6 gives a similar result for δ-conformal measure µ δ . It shows that µ δ is liftable if and only if the pointwise lower Lyapunov exponent λ(z) > 0 for all z in a set of positive µ δ -measure.
The Markov Extension
Let f : C → C be a polynomial of degree d with a connected, locally connected and full Julia set J (i.e. C \ J is connected). Consequently all critical points belong to J . Let Cr denote the critical set. It is easy to see that J is a dendrite, defined as follows (cf. [Ku] ).
Definition.
A metric space (X, d) is called a dendrite if it is connected, locally connected, and for any two points x, y ∈ X there is a unique arc γ : [0, 1] → X connecting x to y.
The Fatou set F coincides with the basin of ∞. Let the Green function G : F → R be defined by G(z) = lim n→∞ log |f n (z)| d n , see [Mi] for more details. The equipotentials (i.e. level sets) of the Green function form a foliation of F consisting of nested Jordan curves. The orthogonal foliation is the foliation of external rays. Each external ray is a copy of R embedded in F, and if γ : R → R is such an embedding such that |γ(t)| is large for large t, then lim t→∞ arg γ(t) is a well-defined number ϑ ∈ S 1 , called the external angle of R. Let R ϑ denote the ray with external angle ϑ, and γ ϑ : R → R ϑ its parameterisation. It is convenient to parameterise external rays by the values of the Green function: G(γ ϑ (t)) = t for each ϑ ∈ S 1 and t ∈ R. Note that f (R ϑ ) = R dϑ mod 1 ; more precisely: f (γ ϑ (t)) = γ dϑ mod 1 (t + 1).
Lemma 1. There is a finite partition P 1 of J \Cr such that f | Z is univalent for each Z ∈ P 1 .
Proof. Because J is locally connected, each external ray R ϑ lands at a single point in z ∈ J and each z ∈ J is the landing point of at least one external ray. For each c ∈ Cr, select κ c 1 rays that land at f (c) (note that Theorems 1.1 and 3.1 of [Ki] imply that there can be at most 2 d rays landing here). If c has degree d c , there are κ c d c 2 preimage rays landing at c. The union of these rays, together with c j , is a locally compact set, separating the plane and also J into κ c d c 'segments'. As J is closed, the closure of the segments of J \ {c} intersect only at c. Repeating the argument for all other critical points gives the assertion.
Let P 0 = {J } be the trivial partition of J , and P 1 be the partition of Lemma 1. Let P n = n−1 i=0 f −i (P 1 ), and for z / ∈ ∪ n−1 i=0 f −i (Cr) let Z n [z] be the element of P n containing z. Note that each Z n ∈ P n is connected (in fact, Z n is a dendrite) and f n | Zn is univalent. We call Z n an n-cylinder.
Definition. The canonical Markov extensionĴ is a disjoint union of copies D of subsets of J , subject to an identification discussed below. We call sets D domains and denote their collection as by D. Let π :Ĵ → J be the inclusion map. Domains D are defined recursively as follows:
• The first domainĴ 0 , called the base of the Markov extension, is a copy of J . • Given a domain D ∈ D and a nonempty set of the form f (π(D) ∩ Z)
for some Z ∈ P 1 , we let D be a copy of f (π(D) ∩ Z) and add it to D. Write D → D in this case. • The collection D is such thatĴ 0 ∈ D, and D is closed under the previous operation.
Eachẑ ∈ D can be represented by a pair (z, D) whereẑ ∈ D and π(ẑ) = z. Moreover, any pair (z, D) defines a uniqueẑ ∈ J whenever z ∈ π(D). This allows us to definef :Ĵ →Ĵ .
• Ifẑ ∈ D, D → D and π(ẑ) belongs to the closure of Z ∈ P 1 such that π(D ) = f (π(D) ∩ Z), then we letf (ẑ) = (f (z), D ).
Clearly
If π(ẑ) ∈ Cr, thenf can be multi-valued atẑ, but a domain D ∈ D contains at most one of the images ofẑ. In all other cases,f (ẑ) is a single point, belonging to a single domain D.
The next step is to define the cutpoints, their ages and origins, as well as the level of domains.
• The baseĴ 0 contains no cutpoints.
• Ifẑ ∈ D is a cutpoint or π(ẑ) ∈ Cr, then each imagef (ẑ) is a cutpoint. Its age is 1 if π(ẑ) ∈ Cr andẑ is not a cutpoint; a + 1 ifẑ is a cutpoint of age a.
The set of cutpoints is denoted by Cut.
• An a-cutpoint will be a cutpoint of age a. Each a-cutpointẑ satisfieŝ z = (f a (c), D) for some D ∈ D and c ∈ Cr. This critical point c is called the origin ofẑ. • Given a domain D, level(D) is 0 if there are no cutpoints in D, and is the maximal age of the cutpoints in D otherwise. LetĴ R be the union of all domains of level(D) R.
The final step is the identification of domains wherever possible.
• Any two domains D and D such that π(D) = π(D ), π(D ∩ Cut) = π(D ∩ Cut) and whose cutpoints have the same ages and origins are identified. The canonical Markov extension is the disjoint union of the domains, factorised over the identification described above.
The arrow relations D → D give the Markov extension the structure of an (infinite) directed graph. This is the Markov graph, since by construction (Ĵ ,f ) is Markov with respect to the partition of the domains ofĴ .
For counting arguments later (see Lemma 2 and the appendix), we must be aware of the possibility of 'moving sideways' in the Markov graph. That is, it is possible that for some domain D ofĴ there is an arrow D → D where level(D) = level(D ). This occurs if D is a domain of level n containing one cutpointẑ of age n and a cutpointẑ of age n − 1. If the arc in D connecting these two cutpoints intersects π −1 (Cr) (recall that since J is a dendrite, for any z, z ∈ J there exists a unique arc in J connecting z to z ), then the domain D containingf (ẑ) will also have level n. So if D → D , then level(D ) can take any value level(D) + 1.
DefineP 1 to be the partition given by D ∨ π −1 P 1 . LetP n :
Remark 1. The partition in Lemma 1, and hence the construction of the Markov extension, is not unique, because we have freedom in choosing the number of the rays κ c for each critical value. However, any choice makes a valid partition. To illustrate this, assume that f (z) = z 2 + c for c ∈ (−2, − 1 4 ) such that 0 ∈ J . One is inclined to choose two (complex conjugate) rays landing at c = f (0), see Figure 1 (left). This will lead to a canonical Markov extension which is very similar to the standard Markov extension constructed for interval maps. More precisely, select the domains D ∈ D such that π(D) ∩ R = ∅ and such that if π(D) = f n (Z n ), then for each x ∈ π(D) ∩ R, there is x 0 ∈ Z n ∩ R such that x = f n (x 0 ). For each such D, retain D ∩ π −1 (R), and discard the rest of D as well as all other domains. Then this set with remaining graph structure is exactly the real Markov extension, see Figure 1 (left, bold lines).
Choosing only one ray is possible as well; in this case, each domain in the Markov extension will be a copy of the whole Julia set, see Figure 1 (right), and they will be distinguished only by the fact that they have different (numbers of ) cutpoints, and consequently different canonical neighbourhoods, see below.
We summarise some properties ofĴ in the following lemma.
Lemma 2.
(a) for any a 1, each D ∈ D contains at most #Cr cutpoints of age a (and at most one for each different origin c); (b) Let D and D be domains inĴ of the same level, sharing a cutpoint of maximal age, i.e.,p ∈ D andp ∈ D are cutpoints of age a = level(D) = level(D ) and π(p) = π(p ). Suppose also thatp andp have the same origin. Then π(D) = π(D ) or π(D) ∩ π(D ) = π(p); (c) The number of domains of level l is bounded by #Cr c κ c Consequently, the number of domains inĴ R is at most 1 + R#Cr c κ c .
Notice that (b) implies that within a given level we can only 'move sideways' a uniformly bounded number of times.
Proof. For the proof of (a), note that ifp ∈ Cut ∩ D has age a, then π(p) ∈ f a (Cr). AsĴ contains no loops, only one such point exists for each c and a. So there are at most #Cr cutpoints of age a.
To prove (b), let D and D be as in the statement, and assume that π(p) = π(p ) =: p = f a (c), where a is the age of p andp and c their common origin. This means that there are dendrites E and E intersecting at
Assume first that E and E have at least an arc in common.
Here [a, b] indicates the unique arc in E connecting a and b. By construction, each set J \ π(D ) ∩ π(D ) consists of post-critical points, and the same holds for
There are two possibilities:
• y ∈ ∪ n 2 f n (Cr), but then D must have a cutpoint of age > a, contradicting maximality of a.
• y ∈ ∪ n 1 f n (Cr). In this case there isc ∈ Cr and 0 s < a such that f s−1 (y) c. Take y such that s is maximal with this property. Now f s (E) and f s (E ) belong to the same of the sectors defined by the κc external rays landing at f (c). But then f s (E) and f s (E ) both contain f s (x), a contradiction. Consequently, π(D) = π(D ).
Otherwise, E and E intersect only at f (c). First assume that orb(c) contains no further critical points. Then f a−1 is locally univalent at f (c). Thus if
. Then the previous argument shows that f s (E) = f s (E ), and we again obtain π(D) = π(D ). Now to prove (c), note that for each c ∈ Cr ad domain D, π −1 (c) ∩ D has at most κ c images underf . Under further iteration off , this number does not increase, unless f s (c) =c for somec ∈ Cr, in which case the number of images can multiply by at most κc. The worst case is that there are c κ c images. In other words, for each l, there can be at most c κ c domains D of level l for which π(D) pairwise intersect only at f l (c). Using (b), this gives at most #Cr c κ c domains of level l altogether.
Lemma 3. Givenẑ,ẑ ∈ π −1 (z), one of the following three cases occurs:
(a) There exists n such thatf n (ẑ) =f n (ẑ );
In the latter two cases at least one ofẑ,ẑ visits anyĴ R only finitely often.
Proof. Assume that z is not precritical, and that neitherẑ norẑ is a cutpoint. Let D and D be such thatẑ ∈ D andẑ ∈ D . If there is n such that the cylinder Z n [z] is contained in π(D) as well as in π(D ), then
If on the other hand there is no such n, then Z := ∩ m Z m [z] has positive diameter as in case (b). Furthermore, Z contains no critical point in its interior (here we mean interior with respect to the relative topology on J ), and if π(D) ⊃ Z, thenẐ := D ∩ π −1 Z contains a cutpoint of D. Let p be such a cutpoint of maximal age, say a. Thenf k (Ẑ) f k (p) which has age a + k. It follows that all the setsf k (Ẑ), k 0 are disjoint. As a resultẐ can remain inĴ R for at most R iterates.
Ifẑ (orẑ ) is a cutpoint of age a then we are in case (c) and the age ofẑ will increase under iteration off . So for any R,f R+k (ẑ) is outside J R for any k 1.
Finally, if z is precritical, then we are in case (c) again. It is possible that z belongs to the common boundary of several cylinder sets Z n , andf n+1 is multivalued atẑ andẑ . But each imagef n+1 (ẑ) andf n+1 (ẑ ) is a cutpoint of its level, so it will eventually climb in the Markov extension.
Running assumptions: We will repeatedly invoke the following assumptions on measures µ, to almost surely rule out cases (b) and (c) of Lemma 3, as explained in the next section. Typical cylinders should shrink:
and the mass on the precritical points is 0:
By Theorem 3.2 of [BL] , (SC) automatically follows from our assumption that f is a polynomial and J is locally connected and full. However, as we believe Markov extensions can be of use also when J is not locally connected, (in which case one should think of a different partition P 1 than the one based on external rays landing at Cr), we will refer to this property whenever we use it.
Canonical neighbourhoods: let UĴ 0 be a copy of the neighbourhood U J of J bounded by the equipotential {G(z) = 0}. This is the canonical neighbourhood ofĴ 0 . We will define a canonical neighbourhood U D for each D ∈ D; they are copies of subsets of C. The inclusion map π is extended to U D in the natural way. In the proof of Lemma 1 we chose κ c external rays landing at the critical value f (c). The preimage rays landing at critical points (together with Cr) divide π(UĴ 0 ) into #P 1 regions. The closure of each such region O contains exactly one element of
This set is bounded by external rays landing at critical values and by the equipotential {G(z) = 0}. We call U D the canonical neighbourhood of D, although it is not a neighbourhood in the strict sense: D \ U D consists of the cutpoints of D.
We continue recursively.
. It is bounded by external rays landing at cutpoints in D and by {G(z) = 0}.
LetÛ be the disjoint union of all canonical neighbourhoods. Thenf naturally extends univalently toÛ bŷ
Lemma 4. The recursive definition of U D is independent of the pathĴ 0 → · · · → D by which D is reached.
Proof. Since no path leads intoĴ 0 , its canonical neighbourhood is uniquely defined. Now take D ∈ D, D =Ĵ 0 with at least two arrows leading to D. (To prove the lemma, we can restrict to domains D with two arrows rather than two paths leading to it, because when two paths eventually merge, it suffices to study those domains at which these paths merge.) For any cutpointẑ of age a and origin c ∈ Cr, we can find
Furthermore, there are rays R ϕ and R ϕ (or possibly only one ray) landing at c and intersecting ∂O Z such that f a (R ϕ ) and f a (R ϕ ) land at π(ẑ) and intersect ∂π(U D ).
There are distinct arrows leading to D only if there is D ∈ D which is identified with D. But D and D are only identified if π(D) = π(D ), and the cutpoints, their origins and ages coincide. Therefore the boundaries of π(U D ) and π(U D ) are comprised of the same external rays together with {G(z) = 0}. It follows that π(U D ) = π(U D ), proving the lemma.
Lemma 5. The system (Û ,f ) is Markov with respect to the partition of canonical neighbourhoods, in the sense that iff
Proof. This is a direct consequence of the previous proof.
Lifting measures
In the previous section we introduced the Markov extensions and canonical neighbourhoods for complex polynomials. In this section we will discuss the 'liftability' properties of measures to the Markov extension in the sense of Keller. Our assumptions are (SC) and (Cr 0 ). We explain how they replace conditions (2.2) and (2.3) of [K1] . This section gives the abstract theory which is applicable to more general settings with this type of Markov extension. In subsequent sections the precise geometry of J , and thus the domains ofĴ , play an important role again.
Given a Borel σ-algebra B on J and a Borel probability measure µ on J , we will dynamically lift this measure to a Borel probability measureμ on J . Our approach follows that of [K1] . We define a method of obtainingμ and then show that it isf -invariant andμ • π −1 µ.
We first introduce some notation. For some space X, we let C 0 (X) denote the set of continuous functions ϕ : X → R with compact support. For a set A ⊂ X, let χ A : X → {0, 1} be the characteristic function of A.
Let i be the trivial bijection mapping J toĴ 0 (note that i −1 = π|Ĵ 0 ). Let
We will find someμ to be a limit of a subsequence of these measures. Note thatĴ is in general not compact, so the sequence {μ n } n may not have a subsequence with limit in the weak topology. Instead we use the vague topology, see for example [Bi] . Given a topological space, we say that a sequence of measures σ n converges to a measure σ in the vague topology if for any function ϕ ∈ C 0 (X), we have lim n→∞ σ n (ϕ) = σ(ϕ). The sequence {μ n } n given in (1) has an accumulation point in the vague topology.
Definition. A probability measure µ on J is liftable if a vague limitμ obtained in (1) is not identically 0.
Remark 2. Note that the measure µ•π onĴ is in general σ-finite, and not f -invariant. The lifted measureμ distributes the mass of µ over the domains ofĴ so as to become invariant, as we shall see below. Indeed µ is already called liftable if part of the mass lifts toĴ ; this is to accommodate nonergodic measures µ. As in [K1] , we generally wish to exclude the possibility of µ ≡ 0 (where all the mass escapes to infinity). Later we will find conditions to ensure that this will not happen.
The following theorem extends Theorem 2 of [K1] from ergodic invariant probability measures to general invariant probability measures.
Theorem 1. Suppose that µ is an invariant probability measure on J satisfying (SC) and (Cr 0 ). Ifμ is a vague limit point of any subsequence of measures given by (1) then it isf -invariant and there is some measurable function 0 ρ 1 such thatμ • π −1 = ρ · µ.
We will first state the theorem for ergodic invariant probability measures, and then use the ergodic decomposition to generalise to all invariant probability measures.
Proposition 1. Suppose that µ is an ergodic invariant probability measure satisfying (SC) and (Cr 0 ). Ifμ is a vague limit point of any subsequence of measures given by (1) andμ ≡ 0 thenμ is an ergodic invariant measure andμ • π −1 = µ.
Once we have shown that conditions (2.2) and (2.3) of [K1] can be replaced by (SC) and (Cr 0 ) then the proposition follows from [K1, Theorem 2].
Theorem 1 of [K1] implies that any ergodic invariant probability measure µ can be lifted to a finite measureμ by applying (1). The conclusions of that theorem also hold in our case. Conditions (2.2) and (2.3) of that paper need to be assumed there in order to show that the lifting process preserves ergodicity, and thus [K1, Theorem 2] holds. The following lemma, which takes the role of [K1, Lemma 1], shows that (SC) and (Cr 0 ) are enough in our case to draw the same conclusion here (i.e. lifting preserves ergodicity and hence Proposition 1 holds).
Lemma 6. Let µ satisfy (SC) and (Cr 0 ). Suppose thatμ is a vague limit of a subsequence of {µ n } n such thatμ • π −1 = µ. Then π −1 (I) =Î modμ.
and so π −1 (I) ⊂Î.
Conversely, suppose thatÂ ∈Î and let A = π(Â). LetB =Â π −1 (A). We will show thatμ(B) = 0. It follows from (SC) that diamẐ n [ẑ] → 0 forμ-a.e.ẑ. Furthermore, (Cr 0 ) implies thatμ n (p) = 0 for every n and p ∈ Cut. Thereforeμ(p) = 0 as well. Henceμ-a.e. z fulfilling the conditions of Lemma 3 must be in case (a) of that lemma. 1 Therefore, forμ-a.e. z 1 ∈B, there exists z 2 ∈Â and n 1 such that f n (z 1 ) =f n (z 2 ). Henceμ(B) > 0 implies thatÂ is not invariant; a contradiction, whenceμ Â π −1 (A) = 0. Thus,Î ⊂ π −1 (I) modμ and the lemma is proved.
Remark 3. Ifμ is an ergodic invariant probability measure onĴ such thatμ • π −1 = µ, then µ is liftable. This is because it can be shown that forμ n defined as in (1),μ n (Ĵ R ) μ(Ĵ R ) for all n, R ∈ N. Moreover the lift of µ is absolutely continuous (and therefore equal) toμ. Also, it follows from the proof of Theorem 2 in [K1] that given an ergodic invariant probability measure µ satisfying (SC) and (Cr 0 ), there is at most one ergodiĉ f -invariant probability measureμ such thatμ • π −1 = µ; soμ is unique.
For liftable non-invariant measures, for example those considered in Section 6, the measuresμ • π −1 and µ are different.
Proof of Theorem 1. Let B the σ-algebra of µ-measurable sets, and let
be the ergodic decomposition of µ. More precisely, the measure space (Y, C, ν) is used to index the collection of all ergodic invariant probability measures for (J , B) and the probability measure ν satisfies (2). The diagram
0, and C is the finest σ-algebra such that Π is B-measurable. For each y ∈ Y , Π −1 (y) is called the carrier of µ y ; it is unique up to sets of µ y -measure 0. For each y ∈ Y , Proposition 1 states that there exists a lifted measureμ y as the vague limit of {μ y,n } n constructed as in (1) (note that the vague limit was independent of the subsequence chosen), and either µ y ≡ 0 orμ y (Ĵ ) = 1. Let L = {y ∈ Y : µ y is liftable}.
Claim: L ∈ C; more precisely, there exists L ∈ B such that Π : L → C is well-defined pointwise, and Π(L ) = L.
To prove this claim, fix a countable C 0 -dense subsetΦ := {φ k } k of C 0 (Ĵ ) and a countable collection of open intervals {U l } l generating the standard topology of R. For each y ∈ L, we can use the set T y of µ y -typical points as carrier. (Recall that z is called µ y -typical if the ergodic average 1 n n−1 i=0 ϕ • f i (z) → ϕdµ y for each continuous function ϕ : J → R.) As µ y is liftable, the lifted measureμ y has its setT y ofμ y -typical points. ObviouslyT y ⊂ π −1 (T y ) and ifẑ 0 ,ẑ 1 ∈ π −1 (z) ∩T y , then by Lemma 3, there is n such thatf n (ẑ 0 ) =f n (ẑ 1 ). Thereforeμ y (π −1 (T y ) T y ) = 0, and a fortiori, i • π(ẑ) ∈T y for eachẑ ∈T y . Let L be the set of points z ∈ J such that i(z) is typical forμ y for some y ∈ Y . This is exactly the set of points z ∈ J such that the ergodic averages 1 n n−1 j=0φ k •f j (i(z)) converge for each k ∈ N, and at least one of the limits = 0 (otherwise z could only be typical for a non-liftable measure µ y ∈ C). Let
This set is obtained using countable operations on B-measurable sets X n,k,j , so it belongs to the σ-algebra B. This proves the claim. whenceμ • π −1 = ρ · µ. It remains to show thatμ is the vague limit of the measures {μ n } n constructed in (1).
Given ε > 0,φ ∈ C 0 (Ĵ ), for each y ∈ Y we can find N = N (ε,φ, y) such that |μ y,n (φ) −μ y (φ)| < ε for all n N. If µ y is non-liftable, thenμ y ≡ 0; in this case |μ y,n (φ)| < ε for n N .
Since ε is arbitrary,μ n (φ) →μ(φ) as required.
We will use the following lemma often in the forthcoming sections.
Lemma 7. Suppose thatμ is some measure onĴ obtained from applying (1) to the probability measure µ on J . Ifμ ≡ 0 andμ • π −1 µ then ν :=μ µ(Ĵ ) is an invariant probability measure onĴ .
Note that the propertyμ • π −1 µ is immediate if µ is invariant. Indeed, in this caseμ n • π −1 = µ for all n. So the lemma is useful when µ is not invariant.
Proof. Letφ ∈ C 0 (Ĵ ). Defineν 0 := ν • i −1 . Then for any R, n 1,
Letting n, R → ∞ we have proved the lemma.
A dynamical system (X, T, µ) is said to be dissipative if there is a wandering set of positive measure, i.e. a set A ⊂ X with µ(A) > 0 such that µ(T −n (A)∩ A) = 0 all n > 0. Otherwise the system is conservative. The system is totally dissipative if there is no set Y with µ(Y ) > 0 and µ(T −1 (Y ) Y ) = 0 such that (Y, T, µ| Y ) is conservative.
In [AL] , the dissipativity/conservativity of various quadratic polynomials with Feigenbaum combinatorics is investigated. For a lifted measure, we only see a conservative part of the dynamics. This can be seen in the following lemma.
Lemma 8. Suppose that (J , f, µ) is totally dissipative andμ is a measure obtained by applying (1) to the probability measure µ. Ifμ • π −1 µ then µ ≡ 0.
Proof. We start with the following claim: no measureμ obtained by applying (1) to a probability measure µ can have wandering sets of positivê µ-measure. Indeed, suppose thatÂ ⊂Ĵ hasf −n (Â) ∩Â = ∅ for all n 1. Suppose thatμ is a vague limit of {μ n k } k . We will show thatμ(Â) = 0. Note that n−1 i=0μ 0 f −i (Â) 1 since the domainsf −i (Â) are disjoint. Thuŝ
This proves the claim, and henceμ is conservative.
Now suppose thatμ ≡ 0, thenμ • π −1 is an f -invariant measure which can be normalised, say µ 0 := 1 µ(Ĵ )μ • π −1 . Let Y be the carrier of µ 0 (or more precisely, the union of the carriers of all liftable ergodic measures present in the ergodic decomposition of µ 0 ), then sinceμ • π −1 µ, µ(Y ) > 0 and µ(f −1 (Y ) Y ) = 0. Since µ is totally dissipative, there must be a wandering set A ⊂ Y , and hence π −1 (A) is wandering forμ. This contradiction proves the lemma.
Inducing
A particularly useful property of Markov extensions is that they easily enable one to construct uniformly expanding induced systems with bounded distortion, provided the measure µ is liftable. In fact, any first return map on the Markov extension corresponds to an induced (jump) transformation of the original system, and under mild conditions, the reverse is true as well, cf. [Br] . IfŴ ⊂Ĵ , let us writeFŴ for the first return map toŴ , i.e.F (z) =f τ (z) (z) where τ = τŴ :Ŵ → N is the first return time toŴ . Let τ n (z) denote the n-th return time, i.e. τ 1 (z) = τ (z) and τ n (z) = τ n−1 (z) + τ (F n−1 (z)). For our purposes, we are most interested in subsetsŴ of some domain D ∈ D that are bounded away from the cutpoints of D. As a result, any such setŴ is compactly contained in the canonical neighbourhood U D of D, and by the Markov property of ( D U D ,f ), any branch ofF n W =f τ n (Ŵ 0 ) :Ŵ 0 →Ŵ for any n ∈ N is extendible to a univalent onto mapf τ n : V 0 → U D .
Given δ > 0 and M > 0 we say that z reaches large scale at time j if there are
is univalent, f j (V 1 ) contains a round ball of radius δ (measured in Euclidean distance) and mod(V 0 , V 1 ) > M , see [Mi] for definitions. It follows from the Koebe distortion theorem, see [Po, Theorem 1.3] , that there exists K = K(M ) such that the distortion In this caseμ • π −1 = µ.
Proof. First assume that µ is liftable and letμ be the lifted measure. Let D ∈ D and letŴ ⊂ U D be an open set bounded away from the cutpoints of D such that (using (Cr 0 )) v :=μ(Ŵ ) > 0. Take δ such that U D andŴ contain round balls of radius δ. AlsoŴ is compactly contained in U D , so M := mod(U D ,Ŵ ) > 0. Let z be a typical point for µ and letẑ = i(z). By Birkhoff's Ergodic Theorem,
By the Markov property z reaches large scale for δ, M at time j iff j (ẑ) ∈Ŵ . It follows that π(ẑ) has reached large scale at time i as well and so the first implication follows.
Conversely, suppose that µ-a.e. z satisfies (3). We say that z ∈ H R if, given z such that π(ẑ) = z and B δ (ẑ) has mod(U D , B δ ) > M , then π −1 (Z R [z]) contains no cutpoint of D. By assumptions (SC) and (Cr 0 ), µ(
If z reaches large scale for δ > 0 and M > 0, at iterate j, then forẑ = i(z) and the domain D f j (ẑ),Ẑ R [f j (ẑ)] contains no cutpoint of D. It follows thatf j+R (ẑ) ∈Ĵ R . Therefore, given ε > 0 and a µ-typical point z, there exists n 0 (z) such that for n n 0 (z)
Take M so large that n 0 (z) M for all z in a set of µ-measure 1 − ε. Thenμ
for all n rM . As r ∈ N and ε > 0 are arbitrary, any vague limit point of {μ n } n satisfiesμ(Ĵ R ) v(1 − 2η(R)), which is positive for R sufficiently large. By Proposition 1 this means that the ergodic measure µ is liftable andμ • π −1 = µ.
Remark 4. Our notion of 'reaching large scale' with positive frequency is stronger than the notion of induced hyperbolicity in [GS] . Note also that in fact the proof above shows that given δ, M > 0, if lim inf n→∞ 1 n #{0 j < n : z reaches large scale for δ, M at time j} > 0.
on a positive measure set for any probability measure µ then the measureμ obtained from (1) is non-zero.
If a pointẑ visits a compact partĴ R of the Markov extension with positive frequency, then the majority of these visits are at a certain distance away from cutpoints inĴ R . This is made precise in the following lemma. As a consequence, z = π(ẑ) will go to large scale (with bounded distortion) with positive frequency.
Lemma 10. Suppose that (Cr 0 ) is satisfied. For each domain D ∈ D and ε > 0, there exists δ > 0 such that ifX = p∈Cut∩D B δ (p), then for every invariant probability measureμ onĴ ,μ(X) < ε.
Proof. Suppose that D ∈ D has level(D) = n and p ∈ Cut D := Cut ∩ D.
Then p has age m n. Since the domain containingf n−m+j (p) must have level at least j + n, p can return to D under iteration byf a maximum of n − m times. Therefore, there exists n 0 1 such that f n 0 +k (Cut D ) / ∈ D for all k 1. So for any j 0 , there exists δ > 0 such thatf j+n 0
2n 0 +1μ (X). To complete the proof, take j 0 > 2n 0 /ε and get δ > 0 accordingly.
Liftability and positive Lyapunov exponents
Given a dynamical system (X, g, ν), let ϕ g = log |Dg| wherever this is defined and λ g (ν) = ϕ g dν be the Lyapunov exponent of ν. The pointwise (upper and lower) Lyapunov exponents at a point x ∈ X are denoted as λ g (x) (and λ g (x) and λ g (x) respectively) wherever these are well-defined.
Proposition 2. Suppose that (Cr 0 ) holds. If µ is an ergodic invariant liftable probability measure, with lifted measureμ, then
Proof of Proposition 2. Note thatμ is an invariant measure: for example see Lemma 7. By Lemma 10, we may take domain D ∈ D andŴ ∈ D ∩P n such thatŴ is compactly contained in U D andμ(Ŵ ) > 0. By the Poincaré Recurrence Theorem,FŴ : jŴ j →Ŵ , the first return map toŴ , is definedμ-a.e. Given z ∈Ŵ j \ ∂Ŵ j there is an open neighbourhood U of x such thatFŴ extends to this neighbourhood. In particular DFŴ is defined for all z ∈ jŴ j \ ∂Ŵ j . In particular, sinceμ(∂Ŵ j ) = 0 (otherwise (Cr 0 ) is contradicted), the derivative is defined forμ a.e. z ∈Ŵ . Each branch ofF n W is extendible to U D , so by the Koebe distortion theorem, κ := inf{|DF (z)| :F (z) is well-defined} > 0. In fact, there is N such that inf{|DF N (z)| :F N (z) is well-defined} 2 (one consequence of this is given in Remark 5 below).
The measureμŴ := 1 µ(Ŵ )μ |Ŵ is anFŴ -invariant probability measure, and Kac's Lemma implies that
where τ = τŴ is the first return time byf toŴ . Moreover DF n (ẑ) = Df τ n (z) (z) and ifẑ is typical for τ , then denoting L f = sup z∈J |Df (z)|,
For L < ∞, takeΦ L = min{L, log |DF (z)|}. ThenΦ L is bounded and hencê µŴ -integrable, and forμŴ -a.e.ẑ 0 <
The Monotone Convergence Theorem gives that log |DF | = lim L→∞ΦL iŝ µŴ -integrable and Ŵ log |DF | dμŴ = lim n→∞ 1 n log |DF n (z)|μŴ -a.e.
We can apply the same argument to ϕ U := max{−U, log |Df |}, which is µ-integrable: for µ-a.e. z ∈ W := π(Ŵ ) andẑ ∈Ŵ such that π(ẑ) = z
Remark 5. Our set-up of dendrite Julia sets necessarily excludes the existence of neutral periodic cycles, but also when the construction is extended to more general Julia sets, for example with Siegel disks or Leau-Fatou petals (cf. [Mi] ), the proof of this proposition shows that Dirac measures on parabolic periodic points are not liftable to the Markov extension.
In the next result, letŴ andF be as in the proof of Proposition 2.
Proposition 3. If (SC) and (Cr 0 ) hold and µ is invariant, ergodic and liftable, then h µ (f ) = hμ(f ) =μ(Ŵ )hμŴ (F ).
Proof. The first equality can be shown in the same way as Theorem 3 from [K1] . Note that (SC) by itself does not imply that the partition P 1 generates the Borel σ-algebra; the condition used by Keller. But Keller's proof relies on the Shannon-McMillan-Breiman Theorem, which only uses that Z n [z] → 0 µ-a.e., which is indeed condition (SC). Otherwise this equality follows from the fact that a countable-to-one factor map preserves entropy, provided the Borel sets are preserved by lifting, see [DS] .
The second inequality is Abramov's formula, see [Ab] .
Given an invariant probability measure µ on (J , f ), let (J ,f ,μ) be the natural extension. Eachz ∈J is represented as a sequence (z 0 ,z 1 , . . . ) such thatz j = f j (z) ∈ J , andf (z 0 ,z 1 , . . . ) = (f (z 0 ),z 0 ,z 1 . . . ). Definẽ π k (z) :=z k ∈ J .
The motivation for the following lemma, and the idea for the next theorem are based on a result of [L1] . For the remainder of this section, we will always consider subsets of J , and we will use the relative topology on J .
Lemma 11. Suppose that µ is an invariant probability measure satisfy-
If r(z) > 0 forμ-a.e.z, then applying (1) to µ gives rise to an invariant probability measureμ onĴ .
Proof. Let ε > 0 be arbitrary and r 0 > 0 be such thatμ(A) > 1 − ε for A = {z ∈J : r(z) > r 0 }. Then for each k 0,
Givenẑ ∈Ĵ , define Dẑ ∈ D to be the domain containingẑ. Take R so large that ifẑ ∈Ĵ and B r 0 (ẑ) contains no cutpoints of Dẑ thenẐ R [ẑ] ⊂ B r 0 (ẑ). z) ) and by the Markov property of (Ĵ ,f ), lettingẑ :
for all k 0. Therefore any vague limit pointμ of {μ n } n satisfiesμ(Ĵ R ) 1 − ε, and because ε > 0 was arbitrary,μ ≡ 0 and in factμ(Ĵ ) = 1.
Theorem 2. Let µ be an f -invariant probability measure satisfying (SC) and (Cr 0 ), such that λ f (z) > 0 µ-a.e. Then µ is liftable andμ • π −1 µ.
Proof. We can apply [EL, Theorem 3.17] , which says that in this setting there exists a partition η ofJ into open sets (recall we are using the relative topology onJ here) such that forμ-a.e.z,f has bounded distortion on the element η(z) of η containingz. More precisely, there is constant K(z) 1 such that
for all n 0 and componentsx n ,ỹ n ofx,ỹ ∈ η(x). Define r(z) := sup{ρ 0 : B ρ (z 0 ) ⊂ π(η(z))}. This is aμ-measurable function which is strictly positiveμ-a.e.
The general idea behind this result is from Ruelle, see [Ru] , and is usually presented as a 'local unstable manifold theorem'. It is given in the complex setting in [L2] and is discussed in [EL] . An alternative proof is presented in Section 9 of [PU] .
Now notice that for anyz ∈J , η(z) ⊂ W (z) (as defined in Lemma 11), otherwise η(z) ∩ ∂f k Z k [z k ] = ∅ for some k, which implies that distortion is unbounded; a contradiction. Let r (z) := sup{ρ 0 : B ρ (z 0 ) ⊂ W (z)}, then r (z) r(z) > 0,μ-a.e. By Lemma 11, applying (1) to µ gives a measurê µ ≡ 0. It follows from Theorem 1 thatμ • π −1 µ andμ is invariant.
Corollary 1. Let µ be an invariant probability measure satisfying (SC) and (Cr 0 ). If the measure theoretic entropy h µ (f ) > 0, then µ is liftable.
Proof. It follows from the Ruelle inequality [PU] that for ergodic invariant measures, ν, h ν (f ) 2λ(ν). Therefore, if we consider the ergodic decomposition, our assumption implies that there is a positive µ-measure set of z with λ f (z) > 0. Thus Theorem 2 implies that µ is liftable. (In the interval case, Keller [K1] gave a proof based on a counting argument of paths high up in the tower. This type of proof can be used here too; see the appendix for our counting argument, which is to be used in the next section.)
Conformal measure
In this section we discuss the liftability properties of conformal measure. Sullivan [S] showed that all rational maps on the Riemann sphere have a conformal measure for at least one minimal δ ∈ (0, 2]. We would like to emphasise that µ δ is not invariant, but when µ δ is liftable, thenμ δ (normalised) projects to an invariant probability measure, say ν = α ·μ δ • π −1 , where α 1 is the normalising constant.
Our first lemma is that ν is absolutely continuous, generalising Proposition 1 to δ-conformal measure. It can be expected that this lemma generalises to other non-invariant probability measures too, provided there is distortion control.
Lemma 12. Suppose that a conformal measure µ δ on J satisfies (Cr 0 ). Let µ be a measure onĴ obtained as a vague limit of (1). Thenμ • π −1 µ δ .
Proof. We suppose thatμ δ ≡ 0, otherwise there is nothing to prove. Suppose thatμ n k →μ δ as k → ∞.
If the lemma is not satisfied then there exists ε > 0 and a setÂ ⊂Ĵ which hasμ δ (Â) > ε, but µ δ (A) = 0 for A = π(Â). We may assume thatÂ is contained in some domain D ∈ D.
Due to (Cr 0 ), we can assume thatÂ is compactly contained inside U D . Thereforeμ δ (U D ) > 0. Choose someB compactly contained in U D with µ δ (B) > 0 where B = π(B). We take some neighbourhood U containing both A and B which is compactly contained in U D . There is some C > 0 such that for any x, y ∈ U , for each branch of the inverse map we have
Df −n (y) < C for all n 1.
Supposing that δ > 0 is the exponent of the conformal measure, we havê
But while the left hand side is positive, the right hand side is 0, so we have a contradiction. Thus we obtain absolute continuity as required.
Combining Remark 4 and Lemmas 7 and 12, we get the following corollary.
Corollary 2. Suppose that µ is conformal measure µ δ satisfies (SC) and (Cr 0 ). If for given δ, M > 0, lim inf n→∞ 1 n #{0 j < n : z reaches large scale for δ, M at time j} > 0, then µ δ is liftable.
The following lemma and theorem are similar to part of the statement of Theorem B in [L2] . We supply a proof for completeness.
Lemma 13. Assume that conformal measure µ δ satisfies (SC) and (Cr 0 ). If µ δ is liftable, and ν =μ δ • π −1 , then µ δ and ν are equivalent. Moreover, µ δ and ν are ergodic.
Proof. It was shown in Lemma 12 that ν µ δ . Let us prove that ψ := dν dµ δ is a positive density.
Let A ⊂ J be an open set such that ν(A) > 0. Letν be the measure obtained from applying (1) to ν. As ν =ν • π −1 , there must be some D ∈ D such thatν(D ∩ π −1 (A)) > 0. By replacing A by an appropriate cylinder set Z ∈ P n , we can assume (using (SC) and (Cr 0 )) thatẐ := π −1 (Z) ∩ D is bounded away from the cutpoints of D and such thatν(Ẑ) > 0. Moreover, asẐ ∈P n , no boundary point ofẐ (relative to D) returns toẐ.
LetF be the first return map toẐ. We will show that we may apply the Folklore Theorem to this map. First note that ifẐ is chosen sufficiently small, then all the branches ofF are expanding and the Koebe Lemma implies that they have bounded distortion. LetB ⊂Ẑ be the set of points inẐ which never return toẐ. We now wish to check that µ δ • π(B) = 0. We use the same technique as in the proof of Lemma 12. By Poincaré recurrence we know thatμ δ (B) = 0. We let B := π(B) and suppose that µ δ (B) > 0, and will show this leads to a contradiction. As in the proof of Lemma 12, we can use a distortion argument to show that (Z) .
But since the right hand side is bounded away from zero, we have a contradiction.
We can now apply the Folklore Theorem to 1 µ δ (π(Ẑ)) µ δ • π|Ẑ, which yields an ergodicF -invariant probability measureνẐ, with densityψ = dνẐ dµ δ •π|Ẑ bounded above and bounded away from zero. Since µ δ is liftable and, by Lemma 12, the lifted measureν satisfiesν •π −1 µ δ we have 1 ν(Ẑ)ν |Ẑ νẐ.
SinceνẐ is ergodic and bothνẐ and 1 ν(Ẑ)ν |Ẑ areF -invariant probability measures,νẐ = 1 ν(Ẑ)ν |Ẑ.
Recall that ψ := dν dµ δ . By projectingνẐ down to the Julia set, we find that
Let us now prove that ψ > 0 for other points as well, let z ∈ J \ ∪ M i=1 f i (Cr) be arbitrary, and let B z be a neighbourhood of z such that diam
This implies that ψ(z) ψ 0 inf{|Df M (z)| −δ : z ∈ Z} > 0.
The following result clarifies some properties of δ and µ δ . The uniqueness part is due to [DMNU] and parts (a) and (b) are due to [BMO, Lemma 4.2] . We let
{z ∈ J goes to large scale for δ, M > 0 infinitely often}.
Points in this set are often referred to as conical points. For a system (X, T, µ) we say that A is lim sup full if lim sup n µ(T n A) = 1. We say that T is lim sup full if this property holds for all sets of positive measure.
Theorem 3. Suppose that µ δ is a δ-conformal measure with µ δ (L(f )) > 0. The µ δ is the unique measure with this property and (a) f is lim sup full, exact, ergodic, conservative, µ is non-atomic, supp(µ) = J and ω(z) = J for µ-a.e. z ∈ C; (b) δ is the minimal exponent for which a conformal measure with support on J exists.
Note that (b) implies the well-known fact that for any f and δ > 0 satisfying the conditions of the theorem, µ δ (L(f )) = 0 for each δ > δ. Mayer [Ma] gives an example of a polynomial f such that µ δ (L(f )) = 0 for all δ such that δ-conformal measure µ δ exists.
We next make an alternative assumption on the behaviour of points under iteration by f which guarantees that there is some lifted measure.
Theorem 4. Suppose that (Cr 0 ) is satisfied. Let µ δ be a δ-conformal measure on J , then the following are equivalent.
(a) There exists λ > 0 such that λ(z) λ for all z in a set of positive µ δ -measure; (b) The measure µ δ is liftable.
All of the situations considered in [GS, Pr, Re] give invariant probability measures µ µ δ for some δ-conformal measure with λ f (µ) > 0. Therefore, all of those cases fit into our setting. The closest result to ours that we know of is [GS] where the measure µ was obtained whenever the rational function f satisfied a summability condition on the derivatives of critical orbits.
Corollary 3. If there is a liftable probability measure µ µ δ , then δ = dim H (µ) (where dim H stands for Hausdorff dimension).
Proof. Since µ is liftable, so is µ δ . By Lemma 13, µ is ergodic and by Theorem 4, µ must have positive Lyapunov exponent. Pesin's formula in [PU, Chapter 10] implies that δ = dim H (µ).
To prove Theorem 4, we will need the following results. Define s R (n, D) to be the maximal number of n-paths originating from an element D ∈ D, level(D) = R and not re-enteringĴ R . Let 
The proof of this lemma is in the appendix.
Proof of Theorem 4 assuming Lemma 14. First assume that (b) holds, and letμ δ be the lifted measure. By Lemma 7,μ δ is invariant and by Lemma 12, µ δ • π −1 µ. Therefore Proposition 2 implies that (a) holds.
Now assume that (a) holds. We will use a counting argument to prove that a positive measure set of points must return to someĴ R with positive frequency, from which liftability follows.
For 1 < λ 0 < λ, R, n 1 and ε > 0 we consider the set B λ 0 ,R,n (ε) := z : |Df n (z)| > λ n 0 and 1 n # 0 j < n :f j (i(z)) ∈Ĵ R ε .
We let P B,n denote the collection of cylinder sets of P n which intersect B λ 0 ,R,n . Since µ δ is δ-conformal, we can compute that µ δ (B λ 0 ,R,n (ε)) λ −δn 0 #P B,n . We will prove that by taking R 0 1 and ε > 0 appropriately, this is arbitrarily small in n, which leads us to conclude that a positive measure set must visitĴ R 0 with positive frequency.
Notice that any Z ∈ P n uniquely determines a path D 0 (Ẑ) → · · · → D n−1 (Ẑ) inĴ given byẐ = i(Z),f j (Ẑ) ⊂ D j (Ẑ) ∈ D, and vice versa. In our case, given P ∈ P B,n , we letP = i(P ), we have a path defined inĴ . Moreover, D j (P ) ∩Ĵ R = ∅ for at most εn of the times j = 0, . . . , n − 1. We will estimate #P B,n in terms of these paths. Define S(ε, n) := {M ⊂ {0, . . . , n − 1} : #M εn} .
The following well-known result estimates the cardinality of this set . For x ∈ (0, 1), define l(x) := −x log x − (1 − x) log(1 − x).
Lemma 15. Let S(ε, n) := {M ⊂ {0, . . . , n − 1} : #M εn}. Then for n large, #S(ε, n) e n(ε+l(ε)) .
Observe that for M ∈ S(ε, n), the set {0, . . . , n − 1} \ M consists of at most 1 + #M integer-intervals. The number of 1-paths inĴ R is bounded by the number of domains inĴ R+1 . By Lemma 2(c), this is bounded above by 1 + (R + 1)#Cr c κ c . Then choosing some large n 1, Therefore, using Lemma 14, there exist R 0 1 and ε 0 > 0 such that for some γ < λ δ 0 and C > 0, #P B,n < Cγ n . Therefore we have µ δ (B λ 0 ,R 0 ,n (ε 0 )) C γ λ δ 0 n . Whence, µ δ (B λ 0 ,R 0 ,n (ε 0 )) → 0 as n → ∞. Since, by assumption, we have lim n→∞ µ δ {z : |Df n (z)| > λ n 0 } > 0, there must exist some ε 1 , α > 0 such that for large enough n 1, µ δ z : 1 n # 0 j < n :f j (i(z)) ∈Ĵ R 0 > ε 1 > α.
It is now easy to see that for any vague limitμ δ of measures obtained as in (1), we haveμ δ (Ĵ ) μ δ (Ĵ R 0 ) > αε 1 .
• a t-path survives if the path starts in D and never falls intoĴ R ;
• a domain is surviving at time t if it is the terminal domain of a surviving t-path; • a cutpoint z is a surviving cutpoint at time t if it lies in the terminal domain of a surviving t-path.
Define L t (m) := #{surviving m-cutpoints in t-paths starting from D}.
Since for a path D → · · · → D , each cutpoint in D has only one image in D , we have (4) L t (m) L t−l (m − l) for 1 l m t,
which is a rule we will apply repeatedly. Moreover, since the terminal domain of each surviving t-path contains at least one l-cutpoint for R < l R + t, we find L t (j) = 0 for j > t + R and (5)
where N = #P 1 . Using these rules, we prove the following lemma.
Lemma 16. Suppose that (n − 1)R < t nR, then
Proof. Since every terminal domain of an t-path has level t+R, L t (j) = 0 for j > t+R. This proves the third inequality. Before we prove the remaining part by induction, let us compute what happens for t R. t = 0: The maximal number of 1-cutpoints possible in a single domain is #Cr N . So in particular L 0 (1) N . By Lemma 2, L 0 (l) N for 1 l R. t = 1: By rule (4), L 1 (j + 1) = L 0 (j) N for 1 j R. By rule (5), L 1 (1) N . t = 2: By rule (4), L 2 (2 + j) = L 0 (j) N for 1 j R. Similarly, L 2 (2) = L 1 (1) N . Also L 2 (1) N 2 by rule (5).
t R: As before L t (j) = L 0 (j − t) N for t < j t + R, and L t (j) L t−j+1 (1) N #{t − j-surviving paths} N t−j+R l=R+1 L t−j (l) (t − j)N 2 RN 2 by rule (5), for 0 < j t.
It follows that if t < j t + R, then L t (j) = L 0 (j − t) N . So now we have proved the second inequality of the lemma for all t, and the first inequality for t R.
We continue by induction on n. So assume that (6) holds for n and that nR < t (n + 1)R and j t. Then 
This proves the induction step, and hence the lemma.
Proof of Lemma 14. Since there cannot be more surviving nR-paths than surviving cutpoints at time nR we can estimate s R using L t (j). We use rules (4) and (5) 
